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Abstract

Lasers are devices which produce a coherent beam of photons. This ability is of

vital importance in modern technology and research — lasers are in wide use

in devices from CD players to Raman Spectrometers. A fundamental under-

standing of the physics which makes these devices possible is critical for anyone

looking to improve existing types of lasers or produce new classes entirely.

1 Introduction

The first type of laser to be operated successfully used artificial ruby, a form of alu-

minum oxide crystal containing chromium impurities, as a lasing element. Stimulated

emission, a specific form of interaction possible between an electromagnetic wave and

an atomic orbital, can be used to form a coherent beam of light. This coherent beam

of light can be manipulated using a resonant cavity to create a laser beam.

The result of calculating the probability of absorption versus stimulated emission

for a photon-electron interaction shows that they are equal. Thus, the condition for

amplification of coherent photons is that there are more electrons in the excited than

the ground state — a condition called population inversion.

This paper will investigate this physics from the ground up, beginning with the

general interaction of a periodic electromagnetic wave with an atomic orbital, devel-

oping the idea of stimulated emission in this ruby system, and ending with a brief

discussion of the macroscopic design of a laser.
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2 The Interaction of an Electromagnetic Wave

with an Atomic Orbital

Following C. Cohen-Tannoudji et al.[2], this section will discuss the quantum mechan-

ical principles governing the interaction of an electromagnetic wave with an atomic

orbital.

2.1 Introduction of the Electromagnetic Potential

In order to incorporate static magnetic and electric fields into the Schrödinger equa-

tion, it is necessary to find an associated potential. With an electromagnetic wave,

this task becomes more complicated as a time varying magnetic field produces an

electric field and vice-versa. The following model ignores the quantization of electro-

magnetic waves in order to simplify the problem.

Maxwell’s equations tell us that

~∇ · ~E = 4πρ (1)

~∇× ~E = −
1

c

∂ ~B

∂t
(2)

~∇ · ~B = 0 (3)

~∇× ~B =
4π

c
~j +

1

c

∂ ~E

∂t
(4)

where ρ is charge density, ~j is current density, ~E is the electric field, and ~B is the

magnetic field. Equation (3) guarantees that there exists a vector potential ~A such

that
~B = ~∇× ~A (5)

Setting c = 1, equation (2) then gives that

~∇× ~E +
∂ ~B

∂t
= 0

~∇× ~E +
∂(~∇× ~A)

∂t
= 0

~∇×

(

~E +
∂ ~A

∂t

)

= 0 (6)

which tells us that there must exist a scalar potential φ such that

~E +
∂ ~A

∂t
= −~∇φ (7)
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~A and φ are invariant under the gauge transformations

~A′ = ~A+ ~∇χ (8)

φ′ = φ+
∂

∂t
χ (9)

By finding φ and ~A in some gauge and choosing χ such that

φ = −
∂

∂t
χ (10)

it is always possible to transform to a gauge such that φ′ is zero. Thus, for the

remainder of this paper, I will choose to work in a gauge where φ is chosen to be zero.

2.2 Solution for a Plane Wave

Using the electromagnetic potentials described above, the interaction of a plane wave

with an atomic orbital can now be investigated. Assuming that an incident plane

wave has a ~k along ŷ, magnetic field vector ~B along x̂, and electric field vector ~E

along ẑ, we can represent the vector potential ~A as

~A =
[

A0e
i(ky−ωt) + A∗

0e
−i(ky−ωt)

]

ẑ (11)

where A0 incorporates both the magnitude of the potential and the phase of the

potential.

When represented in this way, the electric and magnetic fields are given by

~E = −
∂

∂t
~A

= iωẑ
[

A0e
i(ky−ωt) − A∗

0e
−i(ky−ωt)

]

(12)

and

~B = ~∇× ~A

= ikx̂
[

A0e
i(ky−ωt) − A∗

0e
−i(ky−ωt)

]

(13)

If we vary the phase of the electric and magnetic fields such that they both run

through their maximum amplitudes at the origin, we can also write that

~E = E0cos(ky − ωt)ẑ (14)

~B = B0cos(ky − ωt)x̂ (15)
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where E0 and B0 are the respective maximum amplitudes of the electric and magnetic

field.

In order to get equation pairs (12), (14) and (13), (15) to be equivalent, we must

look at the case where A0 is purely imaginary. In this case,

iωA0 =
E0

2
(16)

ikA0 =
B0

2
(17)

2.3 The Interaction Hamiltonian

The Hamiltonian for an electron (spin 1/2) in an atomic orbital under this electro-

magnetic potential can be written (ignoring factors of c) as

H =
1

2m

[

~p− q ~A
]2

+ V (R)−
q

m
~S · (~∇× ~A) (18)

where ~p is the momentum operator, q is the charge, m is the mass of the electron,

V (R) is the atomic potential that the electron sees at a radius R from the center of

the atom, ~S is the spin operator, and (~∇× ~A) reproduces to the magnetic field.

The dot product of
[

~p− q ~A
]

with itself is simplified by symmetry arguments. ~A

lies entirely in the ẑ direction, so the dot product will only involve pz, the momentum

operator in the ẑ direction. pz then commutes with ~A because ~A contains no terms

with z, the position operator in the ẑ direction. This allows us to expand equation

(18) into the Hamiltonian for an atomic potential plus a time-dependent perturbation

W (t)

H = H0 +W (t) (19)

where

H0 =
~p2

2m
+ V (R) (20)

and

W (t) = −
q

m
~p · ~A−

q

m
~S · (~∇× ~A) +

q2

2m
~A2 (21)

These various terms can be associated with different classical terms. The first

term is an electric dipole term, the second and third terms combine to represent the

magnetic dipole and electric quadrapole terms.
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2.4 Electric Dipole Approximation

For the solution of this system, I shall assume that the incoming electromagnetic

wave is of low intensity, meaning that the term which goes as ~A2 will be negligible in

comparison to the terms which vary linearly with ~A.

The electric dipole term is on the order of q
m
pA0, whereas the spin energy term

goes as q
m
h̄kA0. This means that the relative magnitudes of the terms in this equation

is on the order of p
h̄k
, which is on the order of λ

a0
where a0 is the Bohr radius (≈ .1nm).

Typical light has wavelength on the order of 500 nm, which makes the magnitude of

the electric dipole term on the order of 5000 times as large as the next largest term

in the Hamiltonian for our system.

As the electric dipole term is much larger than all subsequent terms, we can

approximate the time-dependent perturbation as one caused entirely by an electric

dipole interaction except for where the electric dipole effect is zero. This electric

dipole Hamiltonian is given by

WDE(t) = −
q

m
~p · ~A

= −
q

m
pz
[

A0e
ikye−iωt + A∗

0e
−ikyeiωt

]

(22)

This exponential can be expanded in ky. y is on the order of the Bohr radius a0,

and k is on the order of 1
λ
, which means that the magnitude of ky is roughly 1/5000.

Thus, it is reasonable to simply expand the exponential to zeroth order, which gives

WDE(t) =
q

m
pz
[

A0e
−iωt + A∗

0e
iωt
]

=
q

m
pz

[

E0

2iω
e−iωt −

E0

2iω
eiωt
]

=
qE0

mω
pzsin(ωt) (23)

2.5 Transition Probability

Following Shankar[3], time-dependent perturbation theory can be used to find the

probability of transitioning between two eigenstates of the atomic Hamiltonian in our

system.

The periodic perturbation given by equation (23) is of the form

H1(t) = H1sin(ωt) (24)
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which can also be written as

H1(t) =
H1

2i

(

eiωt − e−iωt
)

(25)

Assuming that the perturbation begins at time t = 0 in the state |i〉, we can

calculate the state of the system |ψ(t)〉 by calculating the coefficients of the expansion

of |ψ(t)〉 in the basis of the eigenstates |n〉 of the unperturbed Hamiltonian. The

coefficients of this expansion will be given by

Cn(t) = δni +
1

ih̄

∫ t

0

eiωnit
′

〈n|H1(t′)|i〉dt (26)

where ωni is given by

ωni =
En − Ei

h̄
(27)

For the case of our periodic perturbation, this then gives the probability of being

in a state |f〉 (different from |i〉) at time t as

|Cf (t)|
2 =

∣

∣

∣

∣

1

ih̄

∫ t

0

〈f |H1
(

eiωt
′

− e−iωt′
)

|i〉eiωfit
′

dt

∣

∣

∣

∣

2

|Cf (t)|
2 =

|〈f |H1|i〉|
2

4h̄2

∣

∣

∣

∣

1− ei(ωfi+ω)t

ωfi + ω
−

1− ei(ωfi−ω)t

ωfi − ω

∣

∣

∣

∣

2

(28)

It seems then that the values of interest are H1
fi and ωfi. ωfi is dependent only

on the energy of the final and initial states, and H1
fi is the matrix element in the

electronic dipole perturbation matrix between the states |f〉 and |i〉. Thus, the only

information we need to pull out of the atomic states is the difference in energy between

states and the matrix element between the states.

2.6 Matrix Elements of the Electronic Dipole Perturbation

We see from equation (23) that we can write the matrix elements of the dipole per-

turbation as[2]

〈f |WDE(t)|i〉 =
qE0

mω
sin(ωt)〈f |pz|i〉 (29)

In order to replace the momentum pz with a more useful operator, we use operator

algebra to put it in terms of z. This is accomplished by taking

[z,H0] = ih̄
∂H0

∂pz

= ih̄
pz
m

(30)
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Then,

〈f |[z,H0]|i〉 = 〈f |zH0 −H0z|i〉

= −(Ef − Ei)〈f |z|i〉 (31)

and we also know from the above that

ih̄

m
〈f |pz|i〉 = 〈f |[z,H0]|i〉

ih̄

m
〈f |pz|i〉 = −(Ef − Ei)〈f |z|i〉 (32)

〈f |pz|i〉 = imωfi〈f |z|i〉 (33)

Plugging this back into equation (29) gives then

〈f |WDE(t)|i〉 = iq
ωfi

ω
E0sin(ωt)〈f |z|i〉 (34)

We are now able to calculate the probability of a transition between any two

eigenstates of the atomic Hamiltonian. The magnitude of the transition is going to

be a function of the intensity of the incoming field as well as the material being

excited. Some of these transitions will be very probable and occur quickly, while

some of these transitions will actually only occur due to magnetic dipole or electric

quadrapole interactions with a much lower probability, thus taking a much longer

characteristic time to transition.

Finding which of these transitions are probable and which have a low probability

is a complicated problem in the case of atoms with many electrons, and becomes

even more difficult in the case of molecules. Thus, for the rest of this paper, I will

assume that either experimentally or theoretically, we have taken this information

and compacted it into a single term γif = |Cf |
2 which represents the total probability

of transition.

2.7 Response of an Electron to Electromagnetic Wave

The previous discussion shows that the probability of an atomic electron making a

transition from a state |i〉 to a state |f〉 is given by

γif =
|〈f |H1|i〉|

2

4h̄2

∣

∣

∣

∣

1− ei(ωfi+ω)t

ωfi + ω
−

1− ei(ωfi−ω)t

ωfi − ω

∣

∣

∣

∣

2

(35)

This equation is shown in Fig. 1 as a sketch of probability versus frequency and

tiem. This graph will have a maximum probability of transition at ω = ωfi equal
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Figure 1: A sketch of the probability of a transition between states |i〉 and |f〉. The

maximum probability is given by
|〈f |H1|i〉|

2

t2

4h̄2 and occurs when ω = ωfi.

to
|〈f |H1|i〉|

2

t2

4h̄2 . The probability goes to zero for |ω − ωfi| = 2π/t and continues to

oscillate as ω moves away from ωfi.

2.8 Stimulated Emission

As can be seen from equation (35), the probability of transition from |i〉 to |f〉 is

equivalent to the probability of transition from |f〉 to |i〉. This is the result from

which the idea of stimulated emission arises. Given a two-state system with two

states |i〉 and |f〉 under an electromagnetic potential of frequency ωfi, there is an

equal probability of an electron transitioning from state |i〉 to state |f〉 or vice-versa!

A transition from the higher energy to lower energy state due to this externally applied

perturbation is called stimulated emission, while a transition from the lower energy

state to the higher energy state is called absorption. In addition, there is an effect

called spontaneous emission which is when random fluctuations cause a perturbation

and thus allow the system to relax to a lower energy state.

A photon emitted via either stimulated or spontaneous emission has energy h̄ωfi.

These emitted photons will be at exactly the frequency of the transition, so if they

stimulate an emission event, both the original and the emitted photon will be of ex-

actly the same frequency and will be in phase.[4] In the case of spontaneous emission,

however, there is nothing restricting the phase of the emitted photon to that of the

incoming photon, resulting in an incoherent release of light behind a variety of effects
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such as fluorescence, phosphorescence, light emitting diodes, and, to the best of my

knowledge, all other incoherent sources of light with a few exceptions that are far

beyond the scope of the derivations in this paper.

Given a uniform material, any photon produced with stimulated emission has

exactly the amount of energy needed to produce a resonance with any other atom

and produce another stimulated emission event between the states |i〉 and |f〉. Thus,

this creates the potential for amplifying a single photon and creating a beam of

coherent light — the prerequisite for a laser.

3 Lasers

As previously discussed, when a periodic electromagnetic wave interacts with an

electron in an atomic orbital, there are two types of transitions possible between any

two states — absorption and stimulated emission. In an absorption event, a photon

from the electromagnetic wave is absorbed to promote an electron from the lower

energy to the higher energy level. In a stimulated emission event, the electromagnetic

wave stimulates the release of a photon which is coherent with the photons already

existing in the electromagnetic wave. In addition, the probability of a stimulated

emission event is equal to the probability of an absorption event.

The conclusion we can draw from this information is that in order to create more

photons via stimulated emission than are lost through absorption, there must be more

electrons in the higher energy state than the lower energy state. Unfortunately, we

know from thermodynamics that in equilibrium,

Pn ∝ e−En/kT (36)

Thus, at a particular temperature T , the ratio of electrons in the higher energy

to lower energy state is given by

P1

P0

= e(E0−E1)/kT

= e−h̄ωfi/kT (37)

which is always less than unity. In the limiting case of infinite temperature, the

populations are equal. This means that in an equilibrium system there can never be

a majority of electrons in an excited state, and more photons will always be absorbed

than will be emitted through stimulated emission.
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Figure 2: A three state system capable of lasing. Electrons are externally pumped into

|3〉 and then relax quickly into |2〉 where they become trapped, causing a population

inversion.

3.1 Population Inversion

The first task to creating a working laser then is to create a non-equilibrium state

where a majority of electrons are in the excited state. This property is known as

population inversion.

The first guess for creating a population inversion would then seem to be to put

energy into one of the above described two-state systems such that electrons are

promoted to the excited state. Unfortunately, a third form of interaction with an

electromagnetic wave then comes into play — the electrons can spontaneously emit

a photon to drop back to a lower energy level. This spontaneous emission prevents a

population inversion from occurring in a two-state system.

3.2 Three Level Lasers

In order to achieve a population inversion, a three-state system must be used, as is

shown in Fig. 2. Following K. Shimoda[5], we introduce the total transition probabil-

ity γif , which represents the probability for a single electron to transition between |i〉

and |f〉. Let N1, N2, and N3 be the number of electrons in the given state. We shall

also define Γ as the probability of exciting an electron from |1〉 to |3〉 through the

external addition of energy through heating, chemical means, or any other method.

In thermal equilibrium, the net number of transitions between any two states is

zero. Thus,

Niγif = Nfγfi (38)
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and also that

Nf = Ni exp

(

−
Ei − Ef

kT

)

(39)

which combine to give
γfi
γif

= exp

(

−
Ef − Ei

kT

)

(40)

This tells us that as the difference in energies between two levels increases, the

ratio between the probability of relaxation to a lower energy level to the probability

of excitation increases exponentially.

Writing the equations for the rate of change of electrons in the given states then

gives

∂N1

∂t
= −(Γ + γ12 + γ13)N1 + γ21N2 + γ31N3 (41)

∂N2

∂t
= −(γ21 + γ23)N2 + γ12N1 + γ32N3 (42)

∂N3

∂t
= −(γ31 + γ32)N3 + (Γ + γ13)N1 + γ23N2 (43)

with the added conservation equation

N1 +N2 +N3 = N (44)

These equations can be simplified by assuming that the energy difference between

levels is much greater than the thermal energy. Equation (40) then tells us that the

probability of transition from the lower to the upper energy state is always much

smaller than in the opposite direction. This simplification allows us to rewrite equa-

tions (41)-(43) as

∂N1

∂t
= −ΓN1 + γ21N2 + γ31N3 (45)

∂N2

∂t
= −γ21N2 + γ32N3 (46)

∂N3

∂t
= −(γ31 + γ32)N3 + ΓN1 (47)

In steady state, the number of electrons in each state is not changing, and writing

again the conservation equation (44) gives

0 = −ΓN1 + γ21N2 + γ31N3 (48)

0 = −γ21N2 + γ32N3 (49)

0 = −(γ31 + γ32)N3 + ΓN1 (50)

N = N1 +N2 +N3 (51)
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Solving this gives that the populations of the states |1〉 and |2〉 are

N1 =
γ21(γ31 + γ32)

γ21(γ31 + γ32) + (γ21 + γ32)Γ
N (52)

N2 =
γ32Γ

γ21(γ31 + γ32) + (γ21 + γ32)Γ
N (53)

and therefore, the condition for a population inversion is

Γ > γ21

(

1 +
γ31
γ32

)

(54)

The population inversion in the limit of very strong excitations is then given by

lim
Γ→∞

∆N =
N

1 + γ21/γ32
(55)

This tells us that the largest population inversion (∆N = N) will occur in the limit

where the transition probability γ21 is much less likely than the transition probability

γ32. Conceptually, this makes sense — a population inversion occurs because all the

electrons being excited to |3〉 are falling down to |2〉 in some incoherent way and are

then stuck there, unable to transition back to |3〉 due to the large energy difference,

and with a very large time constant for transition back to the original state |1〉.

3.3 Four Level Lasers

A frequently used trick to make this population inversion easier is to use a four-

state system instead of a three-state system as shown in figure 3. In this case, the

population inversion occurs between |3〉 and |2〉. If there is a quick transition from

|2〉 to |1〉, the population of |2〉 can be very small, while pumping from |1〉 to |4〉 and

subsequent relaxation from |4〉 to |3〉 results in a very large population in |3〉 given

that the transition from |3〉 to |2〉 is slow.

3.4 Macroscopic Device Characteristics

At this point, we have a working method for creating a laser. All that remains is

to find a system in which the above population inversions can be made to occur.

This has been discovered in a wide variety of materials — crystalline materials such

as ruby, gasses such as He-Ne, and even in semiconductors where the energy bands

simulate a four state system.[6]
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Figure 3: A four state system capable of lasing. Electrons are externally pumped

into |4〉 and then relax quickly into |3〉 where they become trapped. In the meantime,

electrons in |2〉 quickly transition to |1〉. These two effects together create a very large

population inversion between |3〉 and |2〉 with much less input of pumping energy than

is required for a three state laser.

The remaining aspects to building a laser are the resonating cavity, and a method

for concentrating the stimulating photons inside the cavity. This is readily accom-

plished through the use of a confining tube capped on one end with a mirror and on

the other end with a partially transmitting mirror.

The mirrors act to allow a single photon many attempts over which to cause a

stimulated emission event in another excited electron state, again increasing amplifi-

cation. Typically, a real laser will allow about 10% of the light produced out of the

end, which will eventually reach a steady state as the light inside the tube becomes

very highly amplified. This steady state current of coherent light is known as the

laser beam.

There are typically two main classes of laser, pulsed and constant output. A

pulsed laser will use a flash from a strobe bulb to cause a rapid excitation of electrons

into a population inversion, and over a characteristic time scale, the electrons will

be emitted and a beam will be emitted. A constant output laser is stimulated with

a constant source such as an electrical arc or even another laser which continually

replenishes the population inversion to allow the system to reach a long-term steady

state.

Other effects such as absorption of the walls affect the laser performance, but

these are well beyond the scope of this paper. I highly recommend either Shimoda or

Svelto for more information.[5, 6].
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4 Conclusions

Lasers are incredibly useful devices used constantly in everyday life and in the world

of scientific analysis. When a photon interacts with an atomic orbital, there are two

possible quantum mechanical responses derived using time-dependent perturbation

theory — absorption, and stimulated emission — both of which occur with equal

probabilities. Stimulated emission events produce an additional photon of the same

frequency and phase as the exciting photon, and thus lead to the ability to create a

laser.

In order for stimulated emission to be the dominant effect in a lasing system, a

population inversion must occur. This can be most obviously realized by using either

a three or four state system where a slow transition causes a buildup of electrons in

an excited state. Upon stimulation by an incoming photon, these electrons are then

available to cause a stimulated emission event.

To increase the amplification caused by the stimulated emission effect, a resonant

cavity is built which is an integer multiple of the wavelength of the desired light

in length. This cavity has on one end a mirror, and on the other end a partially

transmitting mirror which allows a fraction of the incident photons to leave the cavity.

These emitted photons represent what is generally called the laser beam.
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